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Polarization precession in photon-photon encounters
R. F. Sawyer1, ∗
1Department of Physics, University of California at Santa Barbara, Santa Barbara, California 93106
We calculate the rate of precession of the direction of polarization of a photon traversing a
sea of plane-polarized photons moving in the opposed direction, where the interaction is the one-
loop “vacuum” Heisenberg-Euler coupling of four fields. Substantial precession can take place in a
distance many orders of magnitude shorter than the free path for photon-photon scattering, mediated
by the same interaction. We consider briefly the possibility of some interesting collective effects in
the case in which instead of a particle and a sea, two seas are caused to collide.
PACS numbers: 42.50.Xa
INTRODUCTION
Some non-linear aspects of vacuum electrodynamics
have been tested in experiments on Delbruck scattering
[1] , i. e. the scattering of a photon off of the Coulomb
field of a nucleus, and in photon splitting [2], also in the
nuclear Coulomb field.
Essentially, these effects hinge on the one-loop effective
Lagrangian density for processes in which four or more
electromagnetic fields, of long wavelength compared to
the electron Compton wavelength, come together, as de-
scribed by the Heisenberg-Euler interaction [3] [4], the
fourth order term of which is,
LI =
2α2
45m4
[(E2 −B2)2 + 7(E ·B)2] , (1)
where α is the fine structure constant and m is the mass
of the electron. 1
The validity of the effective interaction term (1), for
long wave-length fields, can hardly be doubted. Nonethe-
less, its confirmation in an actual photon-photon scatter-
ing experiment would be a milestone of a kind. Of course,
if one puts in the numbers for photon-photon scattering
itself, the cross-section is far too small to be measured
in an experiment on earth. Indeed the “light by light”
scattering discussed in the very interesting experiment
reported in ref.[5] was the reaction γ + γ → e+ + e−,
and does not test vacuum QED at the one loop level.
Nonetheless, the present note is inspired by the success
of this group in doing a γ + γ experiment.
The qualitative point is the following: Consider a cloud
of photons nγ of average energy, ω1, with relatively small
energy spread, and all moving in more or less the same
direction. We take the cloud to fill (briefly) some small
volume and to have constant number density within this
volume. Now send in a beam of photons of energy ω,
where we shall think of ω >> ω1 both for the purpose of
∗Electronic address: sawyer@vulcan.physics.ucsb.edu
1 We use units h¯ = c = 1 throughout.
keeping track of the beam photons, and for the purposes
of our later application. The mean interaction rate, Γγ,γ ,
of a beam photon, due to photon collisions with the cloud
photons is given by [7],
Γγ,γ = .014× α
4m−8nγ ω
3ω31 . (2)
There exists another quantity, Γpol, of dimensions
(time)−1 which is of order,
Γpol ∼ α
2m−4nγ ω ω1 . (3)
In all situations in which ω ω1 << m
2 we see that Γpol
is many orders of magnitude greater than Γγ,γ. The fun-
damental remark of this paper is that if, in a Lorentz
system in which the cloud and the beam are moving in
opposed directions, both beam and cloud have 100% lin-
ear polarization, with an angle θ that is neither zero nor
pi/2 between the two respective directions of polarization,
then the polarization of a beam particle is substantially
changed by the interaction (1) during an interaction time
Γ−1pol.
Below, we address this problem first as a purely clas-
sical index-of-refraction effect; then we treat it from the
standpoint of the completely quantized system 2. Fi-
nally we shall discuss the possibility that interesting non-
perturbative effects might result from the complete solu-
tion of the problem posed by the effective “forward” in-
teraction term that gives the above effects when treated
perturbatively.
CLASSICAL TREATMENT
We write the fields of a real vacuum plane wave, mov-
ing in the zˆ direction with energy ω1 and polarized in the
2 It has been pointed out to us that Kotkin and Serbo [6] some
time ago derived index-of refraction expressions that are essen-
tially the same as given in our eqs.(9). We have retained our
own rather different derivations of the indices of refraction both
because they are different, and because they lay the groundwork
for the speculative work on cloud-cloud collisions in the latter
part of this paper.
2direction pˆ as,
E1 = pˆF sin[ω1(z − t) + φ] ,
B1 = zˆ×E1 . (4)
Next we make the substitutions in (1) of B → B1+B,
E → E1 + E, keeping the terms that are quadratic in E
and B, and averaging over the phase φ, to obtain
L′eff = F
2 2α
2
45m4
[4
(
E · pˆ+B · (zˆ× pˆ)
)2
+7(B · pˆ+E · (zˆ× pˆ))2] . (5)
The strength constant F is related to the number den-
sity, nγ , of the cloud by
F = (2nγω1)
1/2 . (6)
With this connection, (5) is the effective Lagrangian for
a beam photon, in a cloud of incoherent photons of num-
ber density nγ , all with the same plane-polarization pˆ,
with roughly the same energies and traveling in roughly
the same direction. The average over the phase φ is suf-
ficient to capture all of the effects of incoherence that
would have been included had we begun with the super-
position of fields of this incoherent cloud.
We take the total Lagrangian density, L = (E2 −
B2)/2 + L′eff and derive the equations of motion. In
Coulomb gauge, and resolving the vector potential into
components parallel and perpendicular to pˆ we obtain
simply,
∂µ∂
µA‖ =
32α2
45m4
nγω
2ω1A‖ ,
∂µ∂
µA⊥ =
56α2
45m4
nγω
2ω1A⊥ . (7)
To obtain (7) we substituted, on the RHS (after the equa-
tion of motion was derived by canonical procedures),
∂t∂xA = ∂t∂tA = ∂x∂xA = −ω
2A , (8)
since we are calculating only a small change in the field of
the beam photon, where the unperturbed field is a plane
wave moving in the −zˆ direction. The dispersion relation
to linear order in α2 for the beam is ,
ω‖ = k(1 + 4β) ,
ω⊥ = k(1 + 7β) . (9)
where β = 4α2nγω1/(45m
4). The polarization of the
beam photon initially at an angle θ to pˆ thus precesses
at a rate ∆ω = 3βω. Taking the initial polarization to
be in the xˆ direction, the | amplitude |2 of xˆ polarization
at later times is given by,
[Px]beam = 1−
1
2
sin2(2θ)[1− cos(3βω t)] . (10)
QUANTUM TREATMENT
Next we go back to the completely quantized theory,
in order to confirm this result and to go beyond. Con-
sider the complete set of momentum states {qi} that are
occupied in the initial state, whether by cloud photons
or by beam photons, retaining both polarization states
for each mode. We take LI of (1) and truncate it by
keeping the parts of the fields that contain only creation
and annihilation operators for this set of modes. The
momentum-conserving processes described by this inter-
action are just the forward scattering of beam photons
from cloud photons since co-moving cloud particles don’t
scatter from each other in this interaction.
To express the result, we introduce photon annihilation
operators for the cloud modes, bxj , b
y
j , where x and y
indicate the polarization state and j enumerates the set
of momenta defined above, and corresponding operators
for the beam modes, axj , a
y
j . We can then express the
“totally forward” interaction Lagrangian in terms of the
operators,
1
(b)
j = (b
(x)
j )
†b
(x)
j + (b
(y)
j )
†b
(y)
j ,
ζ
(1)
j = (b
x
j )
†byj + (b
y
j )
†bxj ,
ζ
(3)
j = (b
(x)
j )
†b
(x)
j − (b
(y)
j )
†b
(y)
j ,
1
(a)
j = (a
(x)
j )
†a
(x)
j + (a
(y)
j )
†a
(y)
j ,
τ
(1)
j = (a
x
j )
†ayj + (a
y
j )
†axj ,
τ
(3)
j = (a
(x)
j )
†a
(x)
j − (a
(y)
j )
†a
(y)
j . (11)
Note that the operators ζ(1),(3)/2, supplemented by an
operator ζ(2)/2, which will not explicitly enter below,
obey angular momentum commutation rules, as do the
operators τ (1),(3)/2. The effective “forward” interaction
Lagrangian in terms of these operators is,
Lfor = −
3βω
2(Vol.)
∑
j,m
[ζ
(1)
j τ
(1)
m + ζ
(3)
j τ
(3)
m
−(11/3) 1
(a)
j 1
(b)
m ] , (12)
where the indices j and m extend over the momentum
states defined above. As before, we take the cloud pho-
tons to be plane polarized in a direction that is in the
x− y plane at an angle θ to the x axis. Using 〈 〉 to indi-
cate the expectation value in this cloud state, we have,
(Vol.)
−1
∑
j
〈ζ
(1)
j 〉 = 2nγ sin(θ) cos(θ) ,
(Vol.)
−1
∑
j
〈ζ
(3)
j 〉 = nγ [cos
2(θ)− sin2(θ)] , (13)
and an effective Lagrangian for the evolution of the po-
3larization of a single beam particle,
Lbeam = −
3
2
βω
[
2 sin(θ) cos(θ)σ1+[cos
2(θ)−sin2(θ)]σ3
]
,
(14)
where σ1,3 are the Pauli matrices operating in the basis
of states with (x,y) polarization. The time advancement
operator deriving from (14) is just,
U(t) = exp[iLbeamt] = cos(
3
2
βωt) + i
[
2 sin(θ) cos(θ)σ1
+[cos2(θ) − sin2(θ)]σ3
]
sin(
3
2
βωt) . (15)
Now calculating,
[Px]beam =| 〈↑| U(t) |↑〉 |
2 , (16)
we regain the intensity oscillation formula (10) for the
xˆ polarized direction. Defining an oscillation length as
λ = (3βω)−1 and expressing in terms of ordinary units
we have
λ = 1.03× 10−8
(Ecrit
E
)2(1MeV
h¯ω
) cm (17)
where Ecrit = m
2c3/eh¯ and E is the rms electric field of
the cloud. In the ω1 = 2.35eV laser used in the experi-
ment reported in ref.[5] the field strength was E/Ecrit ≈
1.5 × 10−6. In this case taking h¯ω = 1GeV leads3 to
an oscillation length of ≈ 5 cm. Since the pulse length
for the laser in ref. [5] is a fraction of a millimeter, an
experiment appears not to be out of the question, al-
though higher fields or longer pulse lengths, with a lower
beam photon energy, might provide better possibilities.
Just to compare the above numbers with photon-photon
cross-sections, we note that for the above parameters, ex-
cept now taking the laser field to fill all of space, the free
path for scattering of the beam photon would be approx-
imately 109 cm. We should emphasize that in this cal-
culation the laser served only to provide the high fields
needed for the polarization transformation. Incoherent
cloud photons with the same rms field accomplish the
same purpose. The only coherence involved is the coher-
ence of forward processes.
COLLECTIVE EFFECTS
We return to the fundamental assumption made in
order to derive the above results, namely that there is
no dynamics involving the cloud operators E1 and B1,
3 Note that an energy of 1GeV in the lab corresponds to a center-
of-mass energy that is below the threshold for pair production
by more than a factor of ten.
beyond calculating their expectation value in the initial
state as in (5) or (13). While this is fairly clearly the
correct procedure to obtain the index-of-refraction effects
with the time scale Γ−1pol, we note the following:
1. Taking the initial polarizations to be mutually per-
pendicular, sin(2θ) = 0, there is no effect predicted in
the above treatment. There is a non-zero forward matrix
element of Leff that exchanges the polarization of a beam
and a cloud photon, but it appears to contribute only at
the Γ−1γγ time scale, since we have 〈ζ
(1)〉 = 0 in the initial
state.
2. If we consider a case in which the beam and cloud
have comparable densities (which we shall call the cloud-
cloud case) then we should question the simplification,
implicit in (4) or (13), which makes the operational La-
grangian quadratic in the dynamic variables. In this sim-
plification we reduce a product of four field operators, for
example in the B4 term in (1), by,
B4 → B22〈B
2
1〉+ 〈B
2
2〉B
2
1 (18)
where B1 and B2 are the respective magnetic field oper-
ators for the two clouds.
To clarify both of these points we briefly consider solu-
tions to the Schrodinger equation for the system specified
by the complete “forward” interaction Lfor in the cloud-
cloud case. In all that follows, we shall assume that the
solutions of this equation might be relevant to physics,
despite the omission of almost all the modes of the field.
Of course, these other modes will enter into the wave
function as time progresses, but it is our belief that their
effects will average to zero through random phases over
the time that it takes for the forward effects add up to
something. Provisionally accepting this conclusion, our
problem becomes very similar to that of some coupled
discrete systems in which evolution rates can be speeded
up enormously over perturbative estimates, through col-
lective effects [8].
To make our point most simply we shift to circular
polarization states. The forward interaction Lfor gives a
matrix element for the angular-momentum-allowed tran-
sition in which a state of a positive helicity photon from
one bath and a positive helicity photon from the other
bath makes a transition to a state with two photons of
negative helicities. We can easily express Lfor of (12)
now in terms of operators ξ(±), η(±) which act to raise
and lower in the two dimensional helicity spaces of the
two clouds, but defined such that ξ(3) and η(3) measure
the spins in the ±zˆ direction for the photons in the re-
spective baths, thus the negative of the helicity in the
case of the down-moving photon. We obtain,
Lfor =
3
2
βω[ξ(+)η(−) + ξ(−)η(+)
−(11/3) 1 (a) 1 (b)] , (19)
4We have omitted the momentum subscripts and sums
in (19), as though two laser beams were colliding, so
that only the four modes described by the two momenta
and two polarizations enter. However, the essential re-
sults would be the same for incoherent light, subject to a
caveat about the need for correlation lengths to remain
larger than the interaction region. The dynamical prob-
lem that we now want to solve is one in which the initial
state |I〉 hasN1 up-moving photons andN2 down-moving
photons, all with helicity +1, where N1,2 are large. Thus
we have P0 = ( 1
(a) + η(3))( 1 (b) − ξ(3))/4 = N1N2 in
the initial state 4, with zero values of the other three
projectors. Then we calculate |Ψ(t)〉 = exp[iLfort] |I〉
and investigate, for example, how the expectation value
of the P0 projector develops with time. The evolution
time is defined by the time required for this expectation
to change by a macroscopic percentage from its original
value ofN1N2. We have solved the system of 2N2+1 cou-
pled differential equations for a case in which N1 = 3N2
and for values of N2 ranging from 2 to 1024. In this
simulation we keep the densities fixed, scaling the vol-
ume to the number of particles. The results indicate a
characteristic time of Γ−1pol log[N ], where N is of order
N1,2
5. One’s expectation based on the considerations
discussed earlier had been a characteristic time of order
Γ−1γ,γ , since 〈η
±〉 = 〈ξ±〉 = 0 in the initial state. The
speed-up that we find in the complete calculation has
been discussed previously in different contexts [8]-[10],
and is attributable, more or less, to the effects of entan-
glement in the many-particle system. 6 We can trans-
late the result back into the plane polarization picture to
find that now, in the cloud-cloud problem, when the po-
larizations are initially orthogonal there is macroscopic
polarization exchange in the time t ∼ Γ−1pol log[N ].
Even with the factor of log[N ] this time is orders of
magnitude less than Γ−1γ,γ in all circumstances of interest.
Nevertheless, in the case of sin(2θ) 6= 0, it appears to be
correct to use the results of the reduction to a quadratic
interaction (4), (13), generically described in (18), for
times into the range t ∼ Γ−1pol, since the evidence from
the simulations discussed above is that the interesting
4 We will use an eigenstate of these number operators in the initial
conditions, since what follows would look more complex if we
took more physical coherent states for the lasers.
5 Of course, it is not possible to infer asymptotic behavior with cer-
tainty in a numerical experiment, especially when the behavior
is logarithmic.
6 An analogue of our equations (7) is found in equations used in
the evolution of neutrino clouds that play a role in the early uni-
verse before light element nucleosynthesis, and in the supernova
atmosphere. These equations, again based on local four-field
couplings, had their beginnings with the synchronization results
of ref.[11] and were developed further in ref.[12], and continued
with much more literature that can be tracked from the review
of ref.[13]. The issues raised in the present note with respect to
the replacement (18) applies to these applications as well.
collective effects evolve on a time-scale that is longer by
a factor of order log[N ] . Thus it appears that our esti-
mates for the mixing rates addressed in the body of this
paper are unaltered by the collective effects, although we
have not performed numerical tests on the solutions for
the full Lagrangian for cases sin(2θ) 6= 0.
In summary, for the case of the beam and the cloud
dynamics which was our primary focus, we have shown
that a direct experiment appears to be within range of
present technology. This is an experiment that is very
much worth doing, even though one could be confident
of the result. The case of two clouds, in our terminology,
while very problematic experimentally, to say the least,
could test some fascinating properties of entangled many-
body systems.
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